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A GENERALIZATION OF A RESULT OF GAUSS ON PRIMITIVE
ROOT
HAO ZHONG AND TIANXIN CAI
Abstract. A primitive root modulo an integer n is the generator of the multiplicative
group of integers modulo n. Gauss proved that for any prime number p greater than
3, the sum of its primitive roots is congruent to 1 modulo p while its product is
congruent to µ(p − 1) modulo p, where µ is the Mo¨bius function. In this paper, we
will generalize these two interesting congruences and give the congruences of the sum
and the product of integers with the same index modulo n.
1. Introduction
Let a and n be two relatively prime integers. The index of a modulo n, denoted by
indn(a), is the smallest positive number k such that a
k ≡ 1 (mod n). If indn(a) = φ(n),
where φ is the Euler’s totient function, then we say a is a primitive root modulo n.
Primitive roots are widely used in cryptography, such as attacking the discrete log
problem, key exchange problem and many other public key cryptosystem. The primitive
root theorem identifies all moduli which primitive roots exist, that is,
1, 2, 4, pα and 2pα
where p is an odd prime and α is a positive integer. For an odd prime p > 3, Gauss
obtained the following congruences in Article 81,
Theorem 1.1 (Gauss). ∏
g is a primitive root mod p
g ≡ 1 (mod p).
Theorem 1.2 (Gauss). ∑
g is a primitive root mod p
g ≡ µ(p− 1) (mod p).
Few papers have been published concerning these two awesome congruences until Cai
[1] recently proved
Theorem 1.3 (Cai). Let p be a prime greater than 3 and α a positive integer. Then∏
g is a primitive root mod pα
g ≡ 1 (mod pα).
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Theorem 1.4 (Cai). Let p be an odd prime and α a positive integer. Then∑
g is a primitive root mod pα
g ≡ µ(p− 1)φ(pα−1) (mod pα).
We will continue Cai’s work and give many interesting congruences concerning the
sum and product of integers with same index. In this article, α and β represent positive
integers; m is some given positive intger; Um is the set of invertible elements in Z/mZ;
λ(m) is the Carmichael function, namely, λ(m) = min{k > 0 : ak ≡ 1 (mod m) for any
a ∈ Um }; δ is a positive divisor of λ(m).
It is not a tough work to obtain the product version as follows.
Theorem 1.5.∏
a∈Um
indm(a)=δ
a ≡
{
−1 (mod m), If δ = 2 and m has a primitive root,
1 (mod m), otherwise.
(1.1)
As for the sum, it is not a simple congruence written in one line. However, for fixed
δ, one can easily get the following results.
Theorem 1.6. (1) ∑
a∈Um
indm(a)=1
a ≡ 1 (mod m);
(2) ∑
a∈Um
indm(a)=2
a ≡ −1 (mod m);
(3) ∑
a∈Um
indm(a)=δ
4|δ
a ≡ 0 (mod m).
By applying this theorem, we obtain a result related to Fermat primes.
Corollary 1.1. If the regular m-gon can be constructed by compass and straightedge,
then
∑
a∈Um
indm(a)=δ
a ≡ 0 (mod m).
To give the congruence mod general integer m, we first list the ones with some special
moduli. For integers with primitive roots, we have
Theorem 1.7. (1) ∑
a∈Um
ind2(a)=δ
a ≡ 1 (mod 2);
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(2) ∑
a∈Um
ind4(a)=δ
a ≡ (−1)δ+1 (mod 4);
(3) ∑
a∈Um
ind8(a)=δ
a ≡ (−1)δ+1 (mod 8);
(4) If α > 3, δ = 2β and 1 < β ≤ α− 2. Then∑
a∈U2α
ind2α (a)=δ
a ≡ 0 (mod 2α);
(5) Let p be an odd prime. Then∑
a∈Upα
indpα(a)=δ
a ≡ µ((δ, p − 1))φ(pordp(δ)) (mod pα).
where ordp(n) = max{k : p
k | n}.
For a product of two distinct odd primes, we have
Theorem 1.8. Let p and q be two distinct odd primes. Then∑
a∈Upq
indpq(a)=δ
a ≡ µ((δ, p − 1))I((
δ
(δ, p − 1)
, p − 1))
φ(δ)
φ((δ, p − 1))
(mod p).
We end this section with the following congruence.
Theorem 1.9. If m =
∏k
i=1 p
αi, then for any pα ‖ m,∑
a∈Um
indm(a)=δ
a ≡ µ((δ, p − 1))I((
δ
(δ, p − 1)
, p− 1))F (φ(pα11 ), · · · , φ(p
αk
k );
δ
(δ, p − 1)
) (1.2)
(mod pα).
where F (a1, · · · , ak;n) =
∏
pα‖n
∏
ordp(ai)<α
pordp(ai)
∏
ordp(ai)≥α
φ(pα).
Though this result seems complex, it shows that there is no need to compute the sum
of integers with same index modulo m by finding each of them.
2. Preliminaries
The following two lemmas are well known facts in the study of primitive roots. (See
[2].)
Lemma 2.1. Let a belong to Um. Then for any positive integer k,
indm(a
k) =
indm(a)
(k, indm(a))
.
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Lemma 2.2. Let m, n and a be positive integers, relatively prime in pairs. Then
indmn(a) = [indm(a), indn(a)]. In particular, λ(mn) = [λ(m), λ(n)], where [m,n] rep-
resents the least common multiple of n and m.
The Dirichlet convolution defined on the set of arithmetical functions: A := {f :
Z+ → C} is very important in number theory, especially in analytic number theory.
Two arithmetical functions f and g are combined by the convolution as follows
(f ∗ g)(n) =
∑
ab=n
f(a)g(b).
All the functions in A that are invertible form a group A∗, which contains an essen-
tial subgroup called the set of the multiplicative functions: M := {f ∈ A : f 6≡
0, f(mn) = f(m)f(n) for any two relatively prime positive integers m and n}. An in-
teresting result about Dirichlet convolution is the Mo¨bius inversion formula showing
that f = g ∗ u if and only if f ∗ µ = g where u ≡ 1 and µ is the Mo¨bius function.
Besides Dirichlet convolution, many other arithmetical convolutions also have long
been studied by mathematicians. (See [3, 4].) To prove the results in this paper, we
introduce one of them. The lcm convolution of f and g is defined as follows
f ◦ g =
∑
[a,b]=n
f(a)g(b).
It is obvious that M is closed under this binary operation. Lehmer [4] proved that
Lemma 2.3. Let
M(1) = 1, M(n) :=
∏
pα‖n
(
(α+ 1)−1 − α−1
)
.
Then M ◦ u = I where I(n) = ⌊1/n⌋. Thus f = g ◦ u if and only if f ◦M = g.
In another paper, Lehmer [5] gave the following formula
Lemma 2.4.
(f ∗ u)(g ∗ u) = (f ◦ g) ∗ u
for any arithmetical functions f and g.
By the definition of lcm convolution, Lemma 2.3 and Lemma 2.4, one can easily
obtain the following lemmas.
Lemma 2.5. (1) f ◦ µ = f(1)µ for any f in A.
(2) f ◦ g = I if and only if
(∑
d|n f(d)
)(∑
d|n g(d)
)
= 1 for any positive integer n.
(3)
(f ◦ g)(pα) = f(pα)
α−1∑
i=0
g(pi) + g(pα)
α−1∑
j=0
f(pj) + f(pα)g(pα)
where p is a prime number.
(4) Let f be a multiplicative function. Then∑
[a,b]=n
µ(a)f(a) =
∏
p2|n
(1− f(p))
∏
p‖n
(1− 2f(p)).
In particular, if n is a perfect square, then µf ∗ u = µf ◦ u.
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3. proofs of the theorems
Proof of Theorem 1.5. If δ = 1, then a = 1. Thus (1.1) is obvious.
If δ = 2, then m > 2. Assume that m = 2α
∏k
i=1 p
βi
i where {pi} is a set of prime
numbers that is pairwise coprime. By the Chinese remainder theorem,
# {x ∈ Um : x
2 ≡ 1 (mod m)}
= # {x ∈ U2α : x
2 ≡ 1 (mod 2α)}
k∏
i=1
#{x ∈ Upβi : x
2 ≡ 1 (mod pβii )}.
Hence,
# := #{x ∈ Um : x
2 ≡ 1 (mod m)} =


2k, ifα = 0 or 1
2k+1, if alpha = 2
2k+2, ifα ≥ 3.
Notice that if a 6≡ ±1 (mod m), then indm(a) = 2 if and only if indm(−a) = 2. Since
a is coprime to m, a 6≡ −a (mod m) if m > 2. Besides, indm(a) = 2 implies −a
2 ≡ −1
(mod m). Therefore,∏
a∈Um
indm(a)=2
a ≡ (−1)#/2 (mod m)
≡
{
−1 (mod m), ifα = 0, 1, k = 1 or α = 2, k = 0,
1 (mod m), otherwise.
The product is congruent to −1 modulo m implies m has a primitive root. Thus, (1.1)
holds for δ = 2.
For δ > 2, indm(a) = δ implies indm(a
−1) = δ where a−1 is the multiplicative inverse
of a in Um. By the definition of ind, a 6≡ a
−1 (mod m). Therefore, all integers with ind
delta can be arranged in pairs with product 1 modulo m. This proves the theorem. 
Proof of Theorem 1.6. (1)is obvious.
By the proof of Theorem 1.5, if a 6≡ ±1 (mod m), then indm(a) = 2 if and only if
indm(−a) = 2. Therefore, with the exception of −1, all integers with ind 2 can be
arranged in pairs with sum 0 modulo m, which proves (2).
If 4 divides δ, then (−a)δ ≡ 1 (mod m) for a such that indm(a) = δ. Let δ
′ denote
indm(−a). If δ
′ < δ, then (−1)δ
′
≡ −1 (mod m). Otherwise, aδ
′
≡ 1 (mod m), which
contradicts the definition of ind. Thus, δ′ is odd and δ′ | δ. This implies a2δ
′
≡ −1
(mod m). Moreover, δ | 2δ′. Hence, δ = 2δ′ which contradicts the assumption that 4
divides δ. Therefore, indm(a) = δ if and only if indm(−a) = δ. For m > 4, all integers
with ind δ can be arranged in pairs with sum 0 modulo m, which proves (3). 
Proof of Theorem 1.7. One can check the congruences in (1), (2) and (3) easily. (4) is
a straightforward corollary to Theorem 1.6(3).
We now prove the result in (5).
Since m = pα, m has a primitive root denoted by g. By Lemma 2.1, for any positive
integer d that divides φ(m), there exists integer a such that indm(a) = d. For any
integer a such that indm(a) = δ, if (k, δ) = 1, then indm(a
k) = δ. Notice that ai ≡ aj
6 H. ZHONG AND T. CAI
(mod m) if and only if i ≡ j (mod δ). Thus, there exists at least φ(δ) integers with ind
δ modulo m. Since n =
∑
d|n φ(d), there exists exactly φ(δ) integers with ind δ modulo
m.
Hence, for any integer a such that indm(a) = δ,
∑
a∈Upα
indpα(a)=δ
a ≡
δ∑
j=1
(j,δ)=1
aj ≡
δ∑
j=1
aj
∑
d|j
d|δ
µ(d)
≡
∑
d|δ
µ(d)
δ∑
j=1
d|j
aj ≡
∑
d|δ
µ(d)
δ/d∑
j=1
ajd
≡
∑
d|δ
µ(d)ad
aδ − 1
ad − 1
≡ (aδ − 1)
∑
d|δ
µ(d)(1 +
1
ad − 1
)
≡ (aδ − 1)
∑
d|δ
µ(d) +
∑
d|δ
µ(d)
aδ − 1
ad − 1
≡
∑
d|δ
µ(d)
aδ − 1
ad − 1
≡
∑
d|δ
ad≡1 (mod p)
µ(d)
aδ − 1
ad − 1
≡
∑
d|δ
gφ(m)d/δ≡1 (mod p)
µ(d)
gφ(m) − 1
gφ(m)d/δ − 1
(mod m).
Notice that the following four are equivalent
gφ(m)d/δ ≡ 1 (mod p),
φ(m)d/δ ≡ 0 (mod p− 1),
(p− 1)d/δ ≡ 0 (mod p− 1),
(δ/d, p − 1) = 1.
Thus,
∑
a∈Upα
indpα(a)=δ
a ≡
∑
d|δ
(δ/d,p−1)=1
µ(d)
δ/d∑
j=1
(
δ/d
j
)
(gφ(m)d/δ − 1)j−1
≡
∑
d|pordp(δ)
µ(d(δ, p − 1))
δ/(d(δ,p−1))∑
j=1
(
δ/(d(δ, p − 1))
j
)
(gφ(m)d(δ,p−1)/δ − 1)j−1
≡ µ((δ, p − 1))
∑
d|pordp(δ)
µ(d)
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×
δ/(d(δ,p−1))∑
j=1
(
δ/(d(δ, p − 1))
j
)
(gφ(m)d(δ,p−1)/δ − 1)j−1 (mod m).
(5) holds apparently for ordp(δ) = 0. For r := ordp(δ) > 0,
∑
a∈Upα
indpα(a)=δ
a ≡ µ((δ, p − 1)){
pr∑
j=1
(
pr
j
)
(gφ(p
α−r) − 1)j−1 −
pr−1∑
j=1
(
pr−1
j
)
(gφ(p
α−r+1) − 1)j−1}
≡ µ((δ, p − 1))(pr − pr−1) ≡ µ((δ, p − 1))φ(pr) (mod m)
which completes the proof. 
Proof of Theorem 1.8. Since p and q are two relatively prime prime numbers, there
exists two integers x and y such that px+ qy = 1. Thus,
∑
a∈Upq
indpq(a)=δ
a ≡
pq∑
a=1
indp(a)=δ1,indq(a)=δ2
[δ1,δ2]=δ
a ≡
∑
1≤i≤p,1≤j≤q
indp(i)=δ1,indq(j)=δ2
[δ1,δ2]=δ
(pxj + qyi)
≡
∑
[δ1,δ2]=δ
p∑
i=1
indp(i)=δ1
q∑
j=1
indq(j)=δ2
i ≡
∑
[δ1,δ2]=δ
p∑
i=1
indp(i)=δ1
i
p∑
j=1
indq(i)=δ2
1
≡
∑
[δ1,δ2]=δ
δ1|p−1,δ2|q−1
µ(δ1)φ(δ2) (mod p).
Let
χn(a) :=
{
1, if a | n,
0, if a ∤ n,
.
Then ∑
a∈Upq
indpq(a)=δ
a ≡
∑
[δ1,δ2]=δ
µ(δ1)χp−1(δ1)φ(δ2)χq−1(δ2)
≡ µχp−1 ◦ φχq−1(δ)
≡
∑
d|δ
µ(δ/d)
∑
x|d
µ(x)χp−1(x)
∑
y|d
φ(y)χp−1(y)
≡
∑
δ1|(δ,p−1)
µ(δ1)
∑
δ2|q−1
[δ1,δ2]=δ
φ(δ2) (mod p).
If ( δ(δ,p−1) , p − 1) 6= 1, then there exists some prime r that divides (
δ
(δ,p−1) , p − 1).
Hence, ordr(δ) > ordr((δ, p − 1)). Moreover, ordr(δ) > ordr(p− 1) > 0.
Let δ1 be a divisor of (δ, p − 1)/r. Then ordr(δ1) < ordr(p − 1) < ordr(δ). Thus,
ordr(rδ1) < ordr(δ). Therefore, [δ1, δ2] = δ if and only if [rδ1, δ2] = δ, which leads to
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the following∑
δ1|(δ,p−1)
µ(δ1)
∑
δ2|q−1
[δ1,δ2]=δ
φ(δ2) =
∑
δ1|(δ,p−1)/r
(µ(δ1) + µ(rδ1))
∑
δ2|q−1
[δ1,δ2]=δ
φ(δ2) = 0.
Therefore we proved the case of ( δ(δ,p−1) , p − 1) > 1.
Assume ( δ(δ,p−1) , p− 1) = 1. If (δ, p − 1) = 1, then∑
δ1|(δ,p−1)
µ(δ1)
∑
δ2|q−1
[δ1,δ2]=δ
φ(δ2) = φ(δ).
This proves the theorem.
If (δ, p − 1) > 1, then ordr(δ) ≤ ordr(p − 1) for any prime r that divides (δ, p − 1).
Thus, ( δ(δ,p−1) , δ1) = 1. Hence,∑
δ1|(δ,p−1)
µ(δ1)
∑
δ2|q−1
[δ1,δ2]=δ
φ(δ2) =
∑
δ1|(δ,p−1)
µ(δ1)
∑
δ2|q−1
[δ1,δ2]=(δ,p−1)
φ(δ2)φ
( δ
(δ, p − 1)
)
=
φ(δ)
φ((δ, p − 1))
µ ◦ φχq−1((δ, p − 1))
=
φ(δ)
φ((δ, p − 1))
µ((δ, p − 1))φχq−1(1)
=
φ(δ)
φ((δ, p − 1))
µ((δ, p − 1)).
This completes the proof. 
Proof of Theorem 1.9. By Theorem 1.7 (5) and the methods mentioned in the proof of
Theorem 1.8, we can obtain the following congruence∑
a∈Um
indm(a)=δ
a ≡
(
µχp−1 ◦ φχφ(pα11 )
◦ · · · ◦ φχφ(pαkk )
)
(δ) (mod pα). (3.1)
Now, we will show how (3.1) leads to (1.2). Let rad(n) :=
∏
p|n p. Then for any positive
integer a and multiplicative function g,
µχa ◦ g(n) =
∏
pα‖n
{I((pα, a))g ∗ u(pα)− I((pα−1, a))g ∗ u(pα−1)}
= I((
n
rad(n)
, a))
∏
p‖n
p|a
(−1)g ∗ u(1)
∏
pα‖n
p∤a
(g ∗ u(pα)− g ∗ u(pα−1))
= I((
n
rad(n)
, a))
∏
p‖n
p|a
(−1)
∏
pα‖ n
(n,a)
(µ(1)g ∗ u(pα) + µ(p)g ∗ u(pα−1))
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= µ((n, a))I((
n
(n, a)
, a))
∏
pα‖ n
(n,a)
µ ∗ g ∗ u(pα)
= µ((n, a))I((
n
(n, a)
, a))g(
n
(n, a)
)
For any positive integers b1, · · · , bk,
φχb1 ◦ · · · ◦ φχbk(n) =
∏
pα‖n
{
α∑
j=0
µ(pα−j)
k∏
i=1
(φχbi ∗ u)(p
j)}
=
∏
pα‖n
{
α∑
j=0
µ(pα−j)
k∏
i=1
(φχbi ∗ u)(p
j)}
=
∏
pα‖n
{
k∏
i=1
(φχbi ∗ u)(p
α)−
k∏
i=1
(φχbi ∗ u)(p
α−1)}
=
∏
pα‖n
∏
ordp(bi)<α
pordp(bi)
∏
ordp(bi)≥α
(pα − pα−1).
Combining these two formulas, we have(
µχp−1 ◦ φχφ(pα11 )
◦ · · · ◦ φχφ(pαkk )
)
(δ)
= µ((δ, p − 1))I((
δ
(δ, p − 1)
, p− 1))F (φ(pα11 ), · · · , φ(p
αk
k );
δ
(δ, p − 1)
).

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